First principles based phase diagram calculations were performed for the octahedral-interstitial solid solution system αZrO X (αZr[ ] 1−X O X ; [ ]=Vacancy; 0 ≤ X ≤ 1/2). The cluster expansion method was used to do a ground state analysis, and to calculate the phase diagram. The predicted diagram has four ordered ground-states in the range 0 ≤ X ≤ 1/2, but one of these, at X=5/12, is predicted to disproportionate at T≈ 20K, well below the experimentally investigated range T≈ 420K. Thus, at T > ∼ 420K, the first-principles based calculation predicts three ordered phases rather than the four that have been reported by experimentalists.
rather than the three called α 2 , α 3 and α 4 in Arai and Hirabayashi (1976) . 12 Experimental values for the maximum solubility of O in Zr, X max , range from: X max ≈ 29 at. % 6, 17 ; to X max ≈ 35 at. % 18 ; and X max ≈40 at. % 10, 12, 13 . The first-principles results presented here support a higher value; i.e. X max ≥ 1/2. This may reflect an insufficiently negative calculated value for the formation energy of monoclinic ZrO 2 .
II. METHODOLOGY A. Total Energy Calculations
Formation energies, ∆E f ( Total energy calculations were converged with respect to k-point meshes by increasing the density of k-points for each structure until convergence. A 500 eV energy cutoff was used, in the "high precision" option which guarantees that absolute energies are converged to within a few meV/site (a few tenths of a kJ/site of exchangeable species; O, [ ]). Residual forces were typically 0.02 eV or less.
Calculated formation energies, ∆E f , relative to a mechanical mixture of αZr + αZrO, for the 96 αZr[ ] 1−n O n supercells are plotted as solid circles in Fig. 1 . Values of ∆E f are,
where: E Str is the total energy of the αZr[ ] 1−n O n supercell; E αZr is the energy/atom of αZr; E αZrO is the energy/atom of αZrO. 
B. The Cluster Expansion Hamiltonian
The cluster expansion, CE 21 , is a compact representation of the configurational total energy. In the αZr[ ] 1−X O X system, the solid solution configuration is described by pseudospin occupation variables σ i , which take values σ i = −1 when site-i is occupied by [ ] and σ i = +1 when site-i is occupied by O.
The CE parameterizes the configurational energy, per exchangeable cation, as a polynomial in pseudospin occupation variables:
Cluster is defined as a set of lattice sites. The sum is taken over all clusters that are not symmetrically equivalent in the high-T structure space group, and the average is taken over all clusters that are symmetrically equivalent to . The larger open squares (red online) in Figure 1 Crystal structures of the VASP-and CE-GS in Zr-ZrO are described in Table I The structure of Zr 6 O is thought to be isomorphic to that of Hf 6 O and Ti 6 O 12,18 : a≈ √ 3a 0 ; c≈c 0 ; Z=3 (a 0 and c 0 are the cell constants of the disordered P6 3 mmc alloy). 9 This is also the VASP-GS at X=1/6, Fig. 3(a) and Table 1 . (1/5≤ X ≤ 3/7) and listed atomic coordinates for a "P3c1" structure with a ≈ √ 3a 0 , c≈ 3c 0 . Yamaguchi 6 also reported confirmation of the P6 3 22 structure in the composition range 0.33 < X <0.4 (1/2 <X<2/3). The FP results presented here suggest that the VASP-GS at X=1/3 is the R3c structure depicted in Figure 3 (b) . The calculated energy-difference between these two structures is only 0.006 eV, and this difference is probably within DFT error, but the precision of these calculations is sufficient to recognize the R3c structure as the VASP-GS.
Zr 12 O 5 , X=5/17
This structure does not correspond to any reported phase, and because it is predicted to disproportionate at T≥ 20K. It is not expected to be observed experimentally.
Zr 2 O, X=1/2, α 4
The only Zr 2 O structure listed in Pearson 27 is cubic, and the apparent solubility limit of X≈ 0.4, rather than X=1/2, which suggests that the VASP calculations may underestimate the stability of monoclinic ZrO 2 , and therefore finds the GS tieline between the P31m GS at X=1/2 and monoclinic ZrO 2 , rather than between the R3c GS at X=1/3 and monoclinic ZrO 2 . Another possibility is that the experimentally measured low-temperature equilibrium between Zr-suboxides and monoclinic ZrO 2 was measured at too low a fugacity of oxygen to stabilize the P31m phase at X=1/2. As one expects from the ECI (Fig. 2) , there are no O-O nn pairs in the VASP-GS P31m structure, or in any of the four structures with formation energies within 0.01 eV (right panel Fig. 1 ).
B. The Phase Diagram
A first principles phase diagram (FPPD) calculation was performed with grand canonical Monte Carlo (MC) simulations using the emc2 code which is part of the ATAT package [22] [23] [24] .
Input parameters for emc2 were: a simulation box with at least 1568 octahedral sites eters are defined such that they are unity in a specified GS-phase, zero in the disordered phase, and typically some non-zero value in ordered phases other than their specified GS.
Dotted boundaries are used to acknowledge uncertainties in phase boundary determinations. The simulated intermediate-temperature α -phase crystal structure was determined by symmetry analysis, using the ISODISTORT program 19, 28 . There are two plausible transition paths from the P6 3 /mmc high-T disordered phase to the P31m GS:
• (2) P6 3 /mmc → P3m1 → P31m, Γ 
and supported computationally. The average α , P3m1 structure is described in Table II and depicted in cantly larger than the corresponding field in Fig. 4a , and at X=0.41 the α -αZr hcp transition is predicted to occur ≈ 500K higher than experiment suggests, Fig. 5a . Typically, FPPD calculations overestimate order-disorder transition temperatures especially when, as here, the excess vibrational contribution to the free energy 29 is ignored; so it is not surprising that agreement between experiment and theory is not close for the α αZr hcp order-disorder transition. Note however, that the maximum temperatures for stabilities of phases other than α are roughly equal to those shown in Fig. 4a .
B. Long-Period Superstructures at X≈1/3
Based on X-ray, neutron, and electron scattering data, Fehlmann et al. 
